Abstract We discuss the light baryon spectrum obtained from a recent quark-diquark calculation, implementing non-pointlike diquarks that are self-consistently calculated from their Bethe-Salpeter equations. We examine the orbital angular momentum content in the baryons' rest frame and highlight the fact that baryons carry all possible values of L compatible with their spin, without the restriction
Introduction
The light baryon spectrum has traditionally been a benchmark of our theoretical understanding of Quantum Chromodynamics (QCD), and it continues to be an exciting area of research in light of new advances with photo-and electroproduction experiments [1; 2; 3; 4] . In recent years lattice QCD has successfully charted the low-lying hadron spectrum, but lattice determinations of baryon resonances are still in their early stages [5; 6; 7; 8] . Recent progress has also been made using covariant boundstate equations [9; 10; 11] . Here the starting point is the covariant three-body Faddeev equation for baryons [12] , whose kernel contains all possible quark-gluon interactions that are encoded in QCD's n-point functions. The latter can be determined by their Dyson-Schwinger equations, which are the quantum equations of motions of QCD and therefore exact. Due to the complexity of the problem most studies so far have employed comparatively simple kernels which, in particular, do not implement decay mechanisms: the hadrons obtained so far correspond to poles on the real axis in the associated scattering amplitudes. On the other hand, the absence of meson-baryon interactions that would shift these poles into the complex plane can also be viewed as an advantage, as it provides insight into the 'quark core' of a baryon that is stripped of its meson cloud.
A possibility to simplify the three-body problem is to introduce diquarks. There is a wide range of theoretical quark-diquark studies including quantum-mechanical models [1; 13] , light-front holographic QCD [14] , or quantum-field theoretical approaches within QCD where diquarks appear as intermediate structures in the quark-quark correlation function [9; 11] . The original motivation for diquarks has been the problem of 'missing resonances' in the baryon spectrum which, despite predictions from the quark model, had not been observed in πN scattering experiments. The addition of new states extracted from photo-and electroproduction experiments to the PDG [15] has ruled out early pointlike diquark models. On the other hand, sophisticated quark-diquark approaches derived from the three-body Faddeev equation produce a rich baryon spectrum that resembles the experimental situation [16] . It is therefore desirable to get a closer look at the properties of the baryons obtained in such a framework.
Light baryons and their orbital angular momentum
In Ref. [16] an effort was made to calculate the light baryon spectrum both from the covariant threebody Faddeev equation and its quark-diquark simplification, using the same underlying ingredients. The quarks and diquarks were not modeled but calculated from their Dyson-Schwinger and BetheSalpeter equations including their full covariant tensor decomposition. The only input is a common rainbow-ladder interaction which models theandkernel by an effective gluon exchange. As a result, the three-quark and quark-diquark results essentially agree with each other, at least for the low-lying states that are accessible in both cases. The rainbow-ladder truncation performs well in the N ( 1 /2 + ) and ∆( 3 /2 + ) channels but the remaining channels typically come out too low. In the quark-diquark system this behavior can be attributed to the underlying diquark properties: the 'good' states are dominated by scalar and axialvector diquarks, whose meson counterparts (the pion and ρ meson) are stable beyond rainbow-ladder. The pseudoscalar and vector diquarks, on the other hand, are bound too strongly and this affects the remaining channels. The strategy employed in Ref. [16] was to reduce the strength in these 'bad' diquark channels by attaching a common constant to their Bethe-Salpeter kernels, which was adjusted by the ρ−a 1 splitting in the meson sector. As a result, the 'bad' diquarks together with their (scalar and axialvector) meson counterparts acquire a higher mass and thereby resemble the outcome of beyond-rainbow-ladder calculations. The resulting baryon spectrum is shown in Fig. 1 and agrees very well with the experimental spectrum, which suggests that a three-body calculation beyond rainbow-ladder should produce similar results.
The resulting baryon Faddeev amplitudes carry a rich tensorial structure which can be organized into eigenstates of spin and orbital angular momentum in the baryon's rest frame [11; 18] . The orbital angular momentum content of a baryon can be quantified from the contributions to its Bethe-Salpeter normalization (see Eq. (15) In principle this is also expected from the nonrelativistic quark model, where the SU (6) × O(3) classification together with the relation P = (−1)
L entails that the nucleon and ∆ belong to the 56-plet with L = 0 and positive parity, followed by the 70-plet with L = 1 and negative parity, and so on. Relativistically, however, these baryons carry all possible L values allowed by |L − S| ≤ J ≤ L + S, without the restriction P = (−1) L : only J and P are good quantum numbers but L and S are not, and therefore a relation between parity and orbital angular momentum cannot hold in general. Fig. 1 shows that the nucleon and ∆(1232) have nonvanishing p-wave components, the N (1535) has s waves, and the p waves appear to be even dominant for the Roper. The subleading partial waves can have important consequences for form factors, for example in the N γ → ∆ transition [17] . These results clearly demonstrate that light baryons are relativistic objects and Poincaré invariance is a necessary ingredient in their realistic description.
Complex conjugate eigenvalues?
A point noted in Ref. [16] is that some states in the calculated spectrum correspond to complex conjugate eigenvalues of the quark-diquark BSE. Their imaginary parts are small and thus they may simply be numerical artifacts, but from a conceptual point of view their appearance is not completely satisfactory. In fact, complex conjugate eigenvalues are a typical feature of BSEs for unequal-mass systems. They occur in scalar theories [19; 20] , where they can be associated with the interference of 'normal' and 'anomalous' states [21] , but for example also in heavy-light mesons [22; 23; 24] . As we will see below, complex conjugate eigenvalues may even appear in equal-mass systems and therefore a closer inspection is desirable.
To provide a basis for the following discussion, let us quickly collect some basic formulas (more details can be found in [11] ). The generic form of a homogeneous BSE reads
where Γ(p, P ) is the Bethe-Salpeter amplitude, K is the kernel, and G is the disconnected product of propagators as illustrated in Fig. 2 . P is the total momentum (P 2 = −M 2 ) and p, p are the external and internal relative momenta. The simplest example is a scalar theory with massive constituent particles of masses m 1,2 and m = (m 1 + m 2 )/2, which are bound by a scalar exchange particle with mass µ and coupling strength c:
For µ → 0 this becomes the well-known Wick-Cutkosky model [25; 26] which admits analytic solutions.
is an arbitrary momentum partitioning parameter and 'ideal momentum partitioning'
Here the amplitude Γ(p, P ) is Lorentz invariant and therefore only depends on the variables p 2 , p · P and
In practice it is convenient to factor out the angular dependencies in z =p ·P , for example with Chebyshev polynomials of the second kind,
which leads to an equation for the Chebyshev moments (x = p 2 and x = p 2 ): The resulting 'kernel' and 'propagator matrix' are given by (cf. Eq. (3.44) in [11] )
Upon discretizing also the radial variable x, the equation can be cast in the form
which generally holds for any homogeneous BSE. K and G are typically large matrices. For a two-body system their dimensions are of the order ∼ 10 3 × 10 3 , depending on the number of grid points and invariant tensors (one for the scalar system, four for the pion, . . . ) whereas for a three-body problem they become giant matrices of order 10 6 × 10 6 . The momentum dependencies in Eq. (1) are encoded in the matrix dimensions of K and G, except for the total momentum P 2 = −M 2 which remains an external variable. The equation is then solved for different values of M , which results in an eigenvalue spectrum λ i (M ) of KG and corresponding eigenvectors φ i (M ). At the intersections λ i = 1 one recovers the onshell Bethe-Salpeter amplitudes together with their masses,
i . An exemplary result is shown in the left panel of Fig. 3 for a pseudoscalar light quark-antiquark system with J P C = 0 −+ , calculated in rainbow-ladder. The corresponding BSE is given in Eq. (17) below. The first eigenvalue λ 0 corresponds to the pion, the next one to its first radial excitation (experimentally, the π(1300)), and so on. The manifestation of spontaneous chiral symmetry breaking is visible in the plot: for massless quarks the eigenvalue for the ground state would start at λ 0 (M = 0) = 1, so the pion becomes massless. In any case, it turns out that complex conjugate eigenvalues can occur even in the pion spectrum (see Fig. 4 ): the first few eigenvalues are real, but in the higher-lying spectrum one encounters complex conjugate ones. How can one interpret them?
In unequal-mass systems complex conjugate eigenvalues signal the loss of charge-conjugation invariance. This is related with the occurrence of anomalous states which appear for example in the Wick-Cutkosky model [25; 26; 27] . The right panel in Fig. 3 shows the eigenvalue spectrum of the Wick-Cutkosky model for equal constituent masses m 1 = m 2 = m and µ = 0. In this case there are no complex conjugate eigenvalues. In contrast to the case of the pion, the coupling c in Eq. (2) is a free parameter and choosing a different value does not affect the propagators. We used c = 1, but since a different choice only vertically rescales the eigenvalue spectrum one may as well replace the condition 1/λ i = 1 for bound states by 1/λ i = c.
In the Wick-Cutkosky model the constituent propagators have real mass poles at p 2 ± = −m 2 . The propagators in the BSE are sampled within complex parabolas, cf. Fig. 2 , from where one infers the condition −m 2 < −M 2 /4 ⇒ M < 2m. This leads to a threshold, where the eigenvalues diverge at M = 2m and the inverse eigenvalues vanish -except some that do not, which defines the anomalous states. Since they produce a vanishing binding energy (M − 2m = 0) for a nonvanishing coupling (c = 1 /4), these states are unphysical. Anomalous states can be associated with excitations in relative time, which amounts to the distinction Γ(p, P ) = ±Γ(−p, P ) where the Bethe-Salpeter amplitudes are either even or odd in the angular variable z and thus correspond to even or odd Chebyshev moments. The analogous symmetry for mesons is charge-conjugation invariance:
which also leads to a distinction between even and odd Chebyshev moments. Equal-mass quarkonia are invariant under charge conjugation and their BSEs decouple for these two types of solutions, so they correspond to different physical particles with opposite C parities: J P C = 0 −+ for the pion and its radial excitations, and J P C = 0 −− for members of the 'exotic' channel. The latter do not have a nonrelativistic limit due to the non-relativistic relations P = (−1)
L+1 and C = (−1) L+S . Relativistically these constraints no longer hold, for the same reasons as discussed in Sec. 2, and therefore exotic quantum numbers are in general not forbidden asstates. The distinction between the pion and its exotic partner then amounts to nothing more than, for instance, the distinction between the a 1 (1 ++ ) and the b 1 (1 +− ) meson. In the scalar system charge-conjugation invariance can be easily verified: flipping the signs of p and p in Eq. (1) leads back to the same equation for Γ(−p, P ) because K(−p, −p , P ) = K(p, p , P ) and, for equal constituent masses, G(−p, P ) = G(p, P ). One can then form symmetric and antisymmetric combinations whose equations decouple. Without constraining the symmetry properties in advance, the eigenvalue spectrum is a superposition of both types of solutions. In the meson spectrum of Fig. 3 we already removed the 0 −− eigenvalues, whereas in the Wick-Cutkosky spectrum we display both solutions: the solid (dashed) curves are those with positive (negative) 'C parity'. One can see that there is no 1:1 correspondence between the 'wrong' C parity and anomalous states. It has also been argued that anomalous states can indeed survive three-dimensional reductions and that the non-relativistic spectrum contains remnants of these states [28] . Hence, the remaining characteristic feature is that their eigenvalues remain finite at threshold. Ref. [21] concluded that the anomalous states in the WickCutkosky model only appear for values of the coupling that clash with the renormalization of the underlying quantum field theory. In Fig. 3 one can see that they only appear in the physical mass spectrum if c ≥ 1 /4; the consistent renormalization (which involves solving Dyson-Schwinger equations for the propagators) restricts c to tiny values so they can never produce physical bound states and thus do not contribute poles to the S-matrix. In this sense anomalous states can be viewed as an artifact of the inconsistent combination of a ladder truncation with the usual tree-level propagators.
What Fig. 3 also makes clear is that the definition of anomalous states in the above sense only applies to systems without confinement. The rainbow-ladder solution for the quark propagator produces complex conjugate poles (see Fig. 2 ). Although this may not be the final word on the analytic structure of the quark propagator, it still poses a sufficient criterion for quark confinement due to positivity violations [29] . Consequently, the meson eigenvalues in Fig. 3 do not diverge at M = 2m ∼ 1 GeV, where m is defined from the parabola that is bounded by the first complex conjugate pole pair (in analogy to the center graph in Fig. 2) . Hence, there is no threshold and the mesons do not decay into free quarks, which also allows one to extrapolate their eigenvalues beyond the singularity limit.
In summary it appears that neither of the existing definitions of anomalous states is truly applicable to QCD. QCD exhibits confinement and does not have quark thresholds, and it is a relativistic quantum field theory that may produce bound states without a nonrelativistic limit. Perhaps the only remaining characteristic of anomalous states is in terms of eigenvalues of KG that never reach λ i = 1 and thus do not produce poles in the S-matrix. Whether the appearance of such eigenvalues in BSE solutions is truly a problem or not remains an open question; but even if so, it is not necessarily an inherent flaw of the theory because they may equally be truncation artifacts. Another possible criterion for unphysical states concerns the signs in spectral functions [30] which are determined by the slopes of the eigenvalues λ i ; see the comment after Eq. (14) below.
Let us now return to the question of complex eigenvalues. The typical situation in a BSE is that K and G are both Hermitian but KG = (KG)
† because K and G do not commute. For unequal mass systems charge-conjugation invariance is lost, and the remnants of the positive-and negative C-parity solutions may start to interfere with each other. As discussed in [21] , this is the underlying mechanism that can lead to pairs of complex conjugate eigenvalues. On the other hand, complex eigenvalues may also occur in the excitation spectrum of equal-mass bound states (although not in the scalar system). Can one find a criterion that enforces real eigenvalues?
Eq. (6) is a generalized eigenvalue problem since it can be cast in the form
If G −1 is Hermitian and positive definite, one can employ a Cholesky decomposition
where
Since the equation has the same eigenvalues λ i , they must indeed be real and the eigenvectors orthogonal:
One should emphasize that the λ i and φ i are defined for any P 2 = −M 2 , not only at the onshell points P 2 = −M 2 i , and their orthogonality holds for each value of M separately (but in general not for states with different M ). From the spectral decomposition of C we then further conclude:
where ϕ i = G φ i is the vector corresponding to the Bethe-Salpeter wave function. Moreover, if we project the full n−body Green function G and its connected, amputated part (the T-matrix) onto the Bethe-Salpeter eigenbasis for fixed J P C we obtain the relations
which illustrate that each bound state (λ i = 1 at P 2 = −M 2 i ) leads to a pole in G and T. They also allow us to derive the proper normalization from the residues at the pole positions:
so that the onshell Bethe-Salpeter amplitudes and wave functions pick up normalization factors g i :
Therefore, g 2 i is always positive as long as 1/λ i (M ) approaches 1 from above as in Fig. 3 -the opposite behavior would be another signature of an unphysical state. Eq. (14) is equivalent to the standard Bethe-Salpeter normalization condition which can be written in the form [27] 
Finally, a similar decomposition holds for the vertex function ψ, defined by G ψ = G ψ 0 , which satisfies the inhomogeneous BSE ψ = ψ 0 + K G ψ:
The previous relations (real eigenvalues, orthogonal eigenvectors, etc.) hold as long as K = K † , G = G † , and G is positive. In fact, the positivity of G is only a sufficient but not a necessary criterion because it can be relaxed in several ways: we could have equally employed a Cholesky decomposition for K, which means that either G or K should be positive; and if G −1 had only negative eigenvalues, we could still write G −1 = −LL † to arrive at a Hermitian matrix (−C) = (−C) † . In any case, the occurrence of complex conjugate eigenvalues of KG signals that one or more of these criteria may be violated. In the following we will therefore review these assumptions in more detail.
Symmetry: The symmetry properties K = K T , G = G T are not difficult to satisfy. The symmetry of G is already ensured by the BSE itself; for example, in Eq. (5) the condition G mn (x) = G nm (x) is trivial because z ∈ [−1, 1] and the Chebyshev polynomials are real on that domain. The symmetry of K mn (x, x ) = K nm (x , x), on the other hand, leads to K(p, p , P ) = K(p , p, P ) which can be implemented by a symmetrized kernel. Pictorially it refers to the mirror symmetry of K in Fig. 2 around the vertical axis. The symmetry properties carry over to other types of BSEs, for example for J = 0 mesons as fermion-antifermion systems:
In this case the equation can be transformed into a set of Lorentz-invariant integral equations by projecting the amplitude onto its Dirac basis elements (see Sec. 3.4 in Ref. [11] for explicit examples):
where we used an orthonormal basis and charge conjugation was defined in Eq. (7). The resulting propagator matrix is again symmetric,
and the same is true for its Chebyshev moments. In the last step we exploited the Lorentz invariance of G ij (p, P ), which depends on p 2 , z and P 2 = −M 2 only. Note that we only employed the definition of charge conjugation but not charge-conjugation invariance itself, so the symmetry property also holds for heavy-light systems as highlighted by the subscripts A and B on the propagators.
Reality: that K and G are real is less obvious and in general also not the case. In the presence of thresholds the eigenvalues can become complex as the masses are shifted into the complex plane; for instance by an explicit decay mechanism in the kernel K, or potentially already in G if a threshold in the propagators is crossed. In any case, the threshold locations are known in advance and below them the eigenvalues of KG should be real. In the left panel of Fig. 3 one expects real eigenvalues for all values of M because a rainbow-ladder gluon exchange does not provide a decay mechanism for mesons and the quarks have complex conjugate poles, whereas for the Wick-Cutkosky model the eigenvalues should be real and positive below the threshold at M = 2m.
Still, even in the absence of thresholds K and G are not necessarily real. For example, depending on the τ i in Eq. (18) the dressing functions f i can be either real or imaginary; or in unequal-mass systems the propagator product G(p, P ) becomes complex. In these cases, however, one can recast Eq. (6) in the form
where the vectors h φ i are real and h is a diagonal matrix whose entries are either 1 or i. As a consequence, h K h and h † G h † are real and symmetric matrices. The same reasoning applies for unequalmass systems: with the Chebyshev expansion (3), odd Chebyshev moments are imaginary and therefore K mn (x) and G mn (x) are only symmetric and not real, but combinations such as i m G mn (x) i n are both real and symmetric. (It is customary to include a factor i m directly in the Chebyshev expansion, but this is still not enough because in that case K mn and G mn are real but not symmetric.) In general, K and G are not Hermitian but only pseudo-Hermitian because they satisfy
where h 2 has diagonal entries ±1. In these cases, however, one can redefine h K h → K, h † G h † → G and h φ i → φ i to arrive at real and symmetric matrices K and G, which leads back to Eq. (6) .
Positivity: Neither of these alterations have changed the original equation (6) . The leftmost plot in Fig. 4 shows again the pion spectrum, but now also including the eigenvalues for the higher-lying states. We have ensured in the calculation that K and G are strictly real and symmetric and yet we occasionally encounter complex conjugate eigenvalues which split into real branches. We are therefore left with the third option, namely that G is not positive. To investigate this, we calculated the complete set of eigenvalues η i and eigenvectors ξ i of G and reconstructed the propagator matrix from its spectral decomposition, where we retained its positive eigenvalues only:
We then insert the new propagator matrix into the original equation (6),
and find that the new eigenvalues λ i are indeed all real. It turns out that for equal-mass mesons removing the negative (positive) eigenvalues of G also removes the negative (positive) C-parity states in the spectrum. This could have equally been achieved by restricting to even or odd Chebyshev moments; however, the procedure accomplishes more than that. Fig. 4 for the pion is already restricted to positive C-parity states. In the second panel we show the new eigenvalue spectrum obtained by removing either the negative eigenvalues of G (solid, red) or its positive eigenvalues (dashed, blue). Removing the negative eigenvalues of G does not change the low-lying spectrum, but it does remove the complex eigenvalues in the higher-lying spectrum. Hence, all eigenvalues become real and the eigenvectors are automatically orthogonal in the sense of Eq. (10). The 'spurious' eigenvalues resemble the anomalous states in the Wick-Cutkosky model in the sense that they show much less curvature, which implies that they may not produce physical states.
To test the effect on an unequal-mass system, we investigated the Wick-Cutkosky model with m 1 /m 2 = 4 and a nonvanishing exchange mass µ = m 2 . The third panel in Fig. 4 displays the original eigenvalue spectrum, where the splitting of complex conjugate eigenvalue pairs into two real branches is clearly visible (see also Fig. 5 in Ref. [21] ). In the right panel we show the new eigenvalue spectrum. The previous complex conjugate pairs are now encompassed by two real eigenvalues, where the smaller one bends to zero as M → 2m and the larger one turns upwards and therefore does not generate a bound state. Interestingly, the procedure also leads to avoided level crossings (visible close to the threshold), which can switch the nature of 'normal' and 'anomalous' states. The 'normal' eigenvalues display sharp curvatures very close to the threshold which are sensitive to the numerical resolution. Since this makes the spectral reconstruction (21) numerically expensive we cannot yet resolve whether they truly vanish at the threshold, although it appears to be likely. We also note that in the unequalmass system the restriction of G to its positive or negative spectrum does not restrict the resulting Bethe-Salpeter amplitudes to even or odd Chebyshev moments because they still contain both of them.
Summary
We discussed the light baryon spectrum in a quark-diquark approach where the quarks and diquarks are calculated from their Dyson-Schwinger and Bethe-Salpeter equations in QCD. The baryons' restframe orbital angular momentum contributions show clear traces of the non-relativistic quark-model, but due to Poincaré covariance their Faddeev amplitudes contain all possible values of L and such relativistic effects are already important for the nucleon, the ∆, and the Roper resonance.
We furthermore investigated the nature of complex conjugate eigenvalues that can appear in the excitation spectrum of Bethe-Salpeter equations. Our findings support the conjecture of Ref. [21] that complex eigenvalues are generated by the interference of 'normal' and 'anomalous' solutions. Although it is not clear whether a rigorous criterion for anomalous states exists in QCD, one may associate them with eigenvalues that do not produce poles in the S-matrix. We find that a restriction of the propagator matrix to its positive (or negative) spectrum disentangles the complex conjugate eigenvalues of the Bethe-Salpeter equation, so they become real and exhibit the characteristics of normal (or anomalous) solutions. It will be interesting to apply this strategy to the spectra of heavy-light mesons and, in particular, to the light baryon spectrum.
